The problem of determining the effective incremental response of nonlinearly elastic composite materials given some initial prestress is of interest in numerous application areas. In particular, the case when small-amplitude elastic waves pass through a prestressed inhomogeneous structure is of great importance. Of specific interest is how the initial finite deformation affects the microstructure and thus the subsequent response of the composite. Modelling this effect is in general extremely difficult. In this article, we consider the simplest problem of this type where the material is a one dimensional composite bar consisting of two distinct phases periodically distributed. Neglecting lateral contractions, the initial deformation is thus piecewise homogeneous and we can therefore determine the incremental behaviour semi-analytically, given the constitutive behaviour (strain energy function) of the phases in question. We apply asymptotic homogenization theory in the deformed configuration in order to find the effective response of the deformed material in the low-frequency limit where the wavelength of the propagating waves is much longer than the characteristic length scale of the microstructure. We close by considering the arbitrary frequency case and illustrate how the initial deformation affects the location of stop bands and pass bands of the material. Work is under way to confirm these results experimentally.
Introduction
This article is the first in a series which analyses the effects of an initial 'finite elastic deformation' on small-amplitude elastic wave propagation through composite materials. Such materials possess 'microstructure' and are therefore heterogeneous, having properties which vary rapidly with respect to the macroscale (e.g. the size of the body). The finite deformation may be in the form of prestress or prestrain but for ease of discussion, we will usually refer to it here as 'prestress'. Since the materials in question undergo large elastic deformations, it is envisaged that the phases which make up the composite are of a rubber type. We assume that no plastic or viscoelastic deformation ensues and therefore the constitutive behaviour of each isotropic phase can be described by a 'strain energy function' W = W (I 1 , I 2 , I 3 ), where I j are the strain invariants of the material (Boyce & Arruda, 2000; Ogden, 1997) . For anisotropic phases, the strain energy function has to be described as a function of a greater number of strain invariants.
We wish to consider small-amplitude linear elastic waves propagating through a deformed configuration such as the type illustrated in Fig. 1 . In fact, for the purposes of this article, we will consider the simplest composite problem: the extension of a long thin composite bar made from two phases periodically distributed along the bar, see Fig. 2 . We will neglect lateral contractions so that the problem Figure exhibiting the general nonlinear, finite deformation of a composite material from the configuration B 0 to B. This is the most general case in which we are interested. We then consider small-amplitude elastic waves propagating through the deformed configuration B in the case where there is a so-called separation of scales within the medium, i.e. when the wavelength of the propagating wave is much larger than the length scale defining the microstructure, in this case the characteristic length scale of inclusions and their average spacing. is one dimensional (1D). The constitutive behaviour of each phase may therefore be described by a strain energy function W = W (λ), where λ is the principal stretch in the material. In general, elastic deformations in composite media will be inhomogeneous. In this 1D setting, however, the deformation is 'piecewise' homogeneous and this simplifies the analysis somewhat.
It is well-known that the propagation of elastic waves through rubber materials is strongly frequency dependent, especially when the materials in question have been prestressed (Kim et al., 2004; Simo, 1987) . In particular, the shear modulus µ = µ(ω), where ω is the circular frequency of propagating waves, but for simplicity here we shall assume that µ is independent of frequency so that the body is purely elastic. This is certainly a reasonable assumption in the first part of this article since we are interested in the low-frequency regime where linear elastic waves propagate through the material with some effective or 'homogenized' wave speed determined by the 'effective incremental elastic moduli', which themselves depend on the initial deformation. The wavelength of the propagating waves in this case is much greater than the characteristic length scales of the microstructure, e.g. in Fig. 1 the diameter of the inclusions and their average spacing. Therefore, any frequency dependence of the material can certainly be neglected in this context as we are in the quasi-static limit (Kim et al., 2004; Simo, 1987) . The properties of rubber are also highly dependent on temperature (Green & Adkins, 1960; Treloar, 1975) , and thus for the purposes of this article, we assume that the initial deformations take place either isothermally or adiabatically so that thermodynamic variables can be omitted from the discussion.
Having understood the homogenized, low-frequency regime, the second part of this article considers the arbitrary frequency case. In composite materials, there exist ranges of frequencies where no propagation can occur (the so-called stop bands of the material; Zalipaev et al., 2002) and therefore we will consider how an initial deformation may affect these. In this analysis, we again assume that material properties are independent of frequency ω although in reality this is not always the case as we discussed above. Studies of the frequency-dependent (viscoelastic) case are currently under way and will be reported on in future articles.
Since its applications are numerous and varied, the effect of prestress on wave propagation through 'homogeneous' anisotropic media has interested many workers. It has stimulated a great deal of research and in the case of initial finite 'finite elastic' deformations, (at least) two classical textbooks on the subject have been written by Green & Zerna (1968) and Ogden (1997) . The analysis of small deformations superposed on prestresses or prestrains has been known ever since as 'small on large'. Clearly, the initial deformation must be finite to change the properties of the medium; an initial infinitesimal deformation would not affect the properties by virtue of the superposition principle for linear deformations. In a series of papers, Sawyers & Rivlin (1977 analysed the incremental moduli of prestressed homogeneous media and specified restrictions on strain energy functions such that infinitesimal elastic waves can propagate in the material.
The effects of prestress on the propagation of surface waves on a homogeneous half-space have been studied by Fu & Devenish (1995) and Destrade & Scott (2004) for example. In the context of wave propagation through prestressed 'composites', work has mainly concentrated on composite plates consisting of a small number (i.e. two or three) of layers. Contributions to this area have come from Rogerson & Sandiford (2000) , Ogden & Roxburgh (1993) , Kaplunov & Rogerson (2002) , Leungvichcharoen et al. (2004) , Nemat-Nasser & Amirkhizi (2005) and many more (see these articles for further details). Very little work has been done, however, in the case of heterogeneous materials where there are 'many' phases and a great deal of microstructure (so that a so-called 'separation of scales' exists in the problem). This area is particularly important since in reality all materials are heterogeneous at some length scale and this affects the choice of constitutive law at the macroscale.
Modelling infinitesimal elastic wave propagation in prestressed heterogeneous media plays an important role in many contexts. The earth is inherently heterogeneous and prestressed-therefore seismic waves propagate in a prestressed inhomogeneous medium (Kagan, 1994) . Such modelling therefore has important implications in geophysical applications and the oil industry. Nondestructive testing of materials involves sending waves through structures, which due to their application are often prestressed. The importance of such techniques in finding cracks is of paramount importance particularly in the nuclear industry, (Haiat, 2005) . 'Rubber' composites are used in many contexts in the automobile, aerospace and underwater vehicle industries (amongst others) and are often subjected to some form of prestress or prestrain.
An extremely important application of the proposed theory is to soft tissues, muscle, tendons, etc., all of which undergo large elastic deformations continuously in the body and are often in some prestressed state (Holzapfel et al., 2000) . Modelling wave propagation in such complex materials is important in, for example imaging, locating diseased tissue, determining the acoustic properties of the lung, ultrasound techniques and many more (see Gasser et al., 2006; Holzapfel et al., 2000; Fung, 1993; Fang et al., 2005, for details) . In this case, the determination of the governing constitutive law (and hence the strain energy function) is very important but is difficult to achieve experimentally. Since all these biomaterials possess microstructure (and in many cases several 'levels' of microstructure), they are inherently inhomogeneous and therefore modelling such media requires a theory for heterogeneous materials. The fact that these materials are alive and continuously changing provides an even greater challenge.
In many contexts, prestrain of composites takes the form of a 'plastic' deformation, particularly in metals where the material is worked until its properties are in some sense optimized. Although this article does not consider plastic deformations, strain energy functions can be used in this context as models for plastic deformation, provided the effects of hysteresis or memory are not under investigation (i.e. in the case where we do not 'unload' the composite). A great deal of work in the area of incremental moduli given some plastic deformation of polycrystals has been done by Nemat-Nasser and co-workers, particularly via self-consistent schemes (Iwakuma & Nemat-Nasser, 1984; Nemat-Nasser, 2004; NematNasser & Obata, 1986) . Models of wave propagation in materials can also allow us to find locations of residual stresses due to some plastic deformation, for example.
In the context of this work, since we are interested in the effective 'incremental' moduli, we appeal to the theory of homogenization, as discussed by Bakhvalov & Panasenko (1989) . In particular, we use the method of asymptotic homogenization (Parnell & Abrahams, 2006) which has proved very successful for periodic media.
The incremental moduli give a snapshot of the material behaviour after some initial finite deformation, but they can also help to build a picture of the effective strain energy function of the composite material by considering a variety of deformations and finding the incremental moduli associated with each of these. This allows us to construct the effective strain energy function for the composite material and thus the theory contributes to the area of 'nonlinear' homogenization. This area is not the primary focus of this article, however, and will be explored elsewhere at a later date. For completeness, we mention that nonlinear homogenization of composites capable of large deformations has been explored by Ogden (1974) , Müller (1987) , Braides & Defranceschi (1998) , Devries (1998) and references therein. Layered media have been considered recently by deBotton (2005) . Important work regarding the constitutive behaviour of filled rubbers, modelled via pseudo-elastic strain energy functions, has been carried out by Ogden & Roxburgh (1999) and Dorfmann & Ogden (2003 , without relation to the microstructure of the material.
We should mention that work on nonlinear homogenization for 'infinitesimal' deformations has been carried out by Moulinec & Suquet (1998) and co-workers. This is a simpler problem than the large deformation case however, since in the latter, the configuration of the microstructure changes. This is known as 'microstructure evolution' or 'texture evolution' in the theory of ductile metals (where the change is due to plastic deformation). Tracking the movement of each phase and how its properties are affected by the initial deformation proves very difficult (Lopez-Pamies & Ponte Castaneda, 2006) .
In order to begin the study of effective wave propagation in nonlinear composite media which have undergone large elastic deformation, we shall consider the 1D composite bar problem as described above and we find the effective incremental Young's modulus of the composite semi-analytically. Having understood this initial problem, in future articles we shall consider more complex materials and thus more realistic deformations. In particular, work is under way on the response of layered media, which occur frequently in many different contexts.
The effective Young's modulus of a composite bar 'without' prestress is well understood and simple to derive (Bakhvalov & Panasenko, 1989) . The interest of this paper is therefore to determine how the initial finite deformation changes these 'rest' properties of the composite medium. Key to this understanding is the microstructure evolution in the composite referred to above, which in this 1D setting is relatively easy to track.
The paper proceeds as follows: In Section 2, we briefly review the method of asymptotic homogenization (Parnell, 2006; Parnell & Abrahams, 2006) as applied to this 1D problem in order to derive the effective properties of the bar. The one dimensional nature of the problem means that the initial deformation is piecewise homogeneous and leads only to piecewise constant incremental moduli and thus we can restrict attention to the homogenization of composite bars with piecewise constant elastic moduli.
In Section 3, we describe how we induce the prestress in the composite bar, essentially by taking a unit cell of the composite and deforming each of these in a given compatible manner.
Section 4 then considers small-amplitude linear elastic compressional waves as perturbations to this prestressed equilibrium state and we can therefore apply the well-known theory of small on large explained in the textbooks by Green & Zerna (1968) and Ogden (1997) . We thus obtain a linear wave equation with rapidly varying (piecewise constant) coefficients in x. Referring to the material derived in Section 2, we can then state the effective homogenized wave equation for the prestressed composite. In order to determine the effective incremental properties, we are required to state the constitutive behaviour of the material and this is done by considering alternative 'strain energy functions'. Several realistic examples are chosen and their effect on the homogenized Young's modulus and density is illustrated.
In Section 5, we leave the low-frequency regime and consider the case of arbitrary frequencies. In particular, it is of interest to determine how the initial deformation affects the location of stop bands and pass bands in the bar-useful knowledge in practice.
Articles to follow will consider more complicated and realistic deformations in composites of higher dimensions and we will compare these results with experiments currently being performed by collaborators. Clearly, the goal is to extend the methods presented here to more complicated composites including those of the laminate, fibre reinforced and particulate type and to materials involved in the applications described above. In particular as mentioned above, more general deformations of composites will certainly not be homogeneous and this will therefore complicate the theory substantially.
The effective Young's modulus of a composite bar
The composite media in which we are interested are nonlinearly elastic and capable of large (finite) deformations. Given some initial finite deformation, in many applications it is of great interest as to how the medium then responds incrementally due to small displacements and strains and thus via the linear elastic constitutive law (Hooke's law)
where σ and e = dw/dx are the Cauchy stress and linearized strain associated with the (small) incremental deformation, respectively. The scalar functionÂ is the incremental Young's modulus and depends on the form of the initial finite deformation. A classical application of the incremental theory is to the case of elastic waves propagating through a prestressed nonlinear composite medium such as the composite bar that we have envisaged above. In general, since the material properties of the composite in the undeformed configuration vary with position, so does the incremental Young's modulus. However, in the case of piecewise constant composite bars, the incremental modulusÂ(x) will also be piecewise constant as we shall show below.
Let us consider the simplest case of a 'two-phase' periodic composite bar which, having undergone some nonlinear deformation, then behaves incrementally as a linear elastic material via (2.1). Since we are interested in an incremental deformation from the equilibrium state, it makes sense for us to choose the reference configuration as the deformed state B and therefore let us employ a Cartesian coordinate x parallel to the bar in this equilibrium state. The medium is periodic with a periodic cell in configuration B of length a and volume fraction φ 1 = φ of phase 1 and φ 2 = 1 − φ of phase 2, illustrated in Fig. 2 . We will discuss later how the parameters in the deformed configuration B relate to those in the undeformed configuration B 0 .
Assuming time-harmonic motion of frequency ω and neglecting lateral contractions, the equation governing small incremental longitudinal displacements w = w(x) in the medium is (Graff, 1991) 
whereÂ is the incremental Young's modulus and ρ is the mass density of the inhomogeneous medium.
In the problem to be discussed, we will always have piecewise constant properties so that for a two-phase mediumÂ and ρ have the form
Scaling x on a, the length of the unit cell in the deformed configuration, and dividing by some characteristic measure of the Young's modulus of the material, let us say A 0 , we obtain the nondimensionalized form 5) and where ρ 0 is some characteristic measure of mass density. Also,
(2.7)
We will show later that the equation for incremental displacements w superposed on an initial finite deformation of a two-phase composite bar is of the form (2.4), which is precisely the reason why we are interested in homogenizing equations of this form. We do not wish to scale the material properties on either of A 1 or of A 2 since these will vary with deformation. Instead, we will scale on some fixed property of the material such as an 'initial' linear elastic Young's modulus before the nonlinear deformation takes place. Similarly for the density.
A condition for homogenized incremental waves to propagate in the bar is
and therefore since it is clear that is a nondimensionalized frequency, we see that this condition corresponds to us being in the low-frequency regime. Boundary conditions on the interfaces between phases are the continuity of incremental displacement and normal incremental stress:
(2.9)
We will apply the method of asymptotic homogenization in order to obtain an effective wave equation of the form
which as just discussed is applicable only in the low-frequency regime, 1. The scalar A * will then be known as the effective incremental Young's modulus, d * is the effective density of the deformed medium and the leading-order (or homogenized) displacement field w * is (explicitly) independent of the microscale as we show shortly.
Following the scheme of asymptotic homogenization, we introduce the following independent length scales (Bakhvalov & Panasenko, 1989; Parnell, 2006) :
where
is some asymptotic expansion in and L 2 ∈ R. It turns out that the coefficient L 2 plays no part in the 'leading-order' homogenization analysis; it does play a part if we look for dispersive corrections to the effective incremental wave number, being chosen to knock out secular terms in the governing equations. We therefore find that
and we expand displacements in the asymptotic form
Finally, since the structure is periodic on the ξ length scale, we impose the periodicity conditions 15) where m ∈ N and n ∈ Z. The method then proceeds by substituting (2.13) and (2.14) into (2.4), (2.9) and (2.15) which results in a hierarchy of problems, one corresponding to each order in . The leading-order (O( 0 )) problem leads us to the conclusion that w 0 is (explicitly) independent of the microscale, i.e.
(2.16)
In order to solve the O( ) problem for piecewise constant A, we choose a solution of the form
in the nth cell (ensuring periodicity), where r refers to the r th phase (r = 1, 2) and
Following the asymptotic homogenization procedure as in Parnell (2006), we integrate the O( 2 ) equation over phase 1 and then over phase 2 and sum the resulting equations. On imposing the appropriate periodicity conditions (2.15) and boundary conditions (2.9) on n and n + φ, we find that the resulting homogenized wave equation is given by
This is the form we were seeking as in (2.10). We can therefore identify the effective incremental Young's modulus as A * in (2.20) and the effective density in the deformed composite as
Note that we will usually choose the scalings A 0 = A 0 2 and ρ 0 = ρ 0 2 , i.e. the Young's modulus and density of phase 2 in the 'undeformed' configuration. Thus, for a composite bar without prestress,
where 
Inducing prestress in the composite
Let us now consider the finite deformation of the two-phase medium and in order to do so, we need to pose a constitutive law for the phases comprising the composite. As such, we introduce the strain energy function W = W (λ), where λ is the principal stretch associated with the 1D deformation (Ogden, 1997) .
In order to induce prestress in the 'infinite' 1D bar, we will insist on a given deformation (and thus on induced prestrain) at the ends of the periodic cells. As such, let us insist on the deformations
so that U is a deformation parameter and its magnitude corresponds to the amount of prestrain induced. For example, since the cell has unit length in the 'deformed' configuration, the percentage extension or compression of the bar is 2|U |/(1 − 2U )%. On imposing these displacements, piecewise constant stretches are induced in the cell (independent of the cell position n and dependent only on the phase r ) and the deformation can thus be described in the form
where γ n r is a constant associated with the nth cell, required for compatibility and corresponds to rigid body motion.
The important aspect of this deformation is that the value of λ r is the same in each of the cells (for fixed r ). The displacement u and Cauchy stress Σ in the deformed configuration are therefore given by
3)
The principal stretch in the r th phase is clearly given by λ r . Since these are piecewise constant, the equilibrium equation is therefore trivially satisfied by this deformation. The values of λ r and γ n r as functions of U are obtained by solving the (cell) problem
where the notation [ f (n)] + − indicates the jump in f (x) at x = n. Note that φ is the volume fraction of phase 1 in the deformed composite and this is related to the volume fraction of phase 1 in the undeformed composite, say φ 0 (which is the quantity which would be known in practice), by
Since the problem is one dimensional, it means that the deformation is piecewise homogeneous. In higher dimensions, the deformation of a composite will certainly not be homogeneous and will thus lead to more complicated behaviour. The main simplification brought about by considering the 1D problem is therefore that the incremental Young's modulus is piecewise constant, and thus the effective incremental Young's modulus in the prestressed state can be determined simply by using the formula (2.20) as we shall now discuss.
Propagation of incremental elastic waves
Given the initial deformation considered above, we would like to find the effective properties of longitudinal linear elastic waves propagating along the prestressed bar. As such, let us invoke the small on large theory (Ogden, 1997) , denoting these incremental small displacements by w, which are governed by the equation of motion
where the incremental Cauchy stress σ = σ (x) is related to the incremental strain e = dw/dx by
andÂ is the piecewise constant incremental Young's modulus induced by the prestress described in Section 3. Following the small on large theory restricted to one dimension, this is given by 1
where λ r is the stretch in the r th phase. AlthoughÂ(x) is piecewise constant, it is rapidly varying with respect to the macroscale (the wavelength of the envisaged propagating waves), and therefore, it is of interest to homogenize this quantity in order to find the effective incremental Young's modulus of the prestressed composite bar and thus its response to low-frequency excitation. Note again that this is not of use at higher frequencies; we analyse this regime in Section 5. Using (4.2) in (4.1), the equation of motion of time-harmonic infinitesimal disturbances of frequency ω in the deformed medium is therefore
which is clearly of the same form as that considered in (2.2). Therefore, in order to derive the effective wave equation, let us consider the nondimensional form of the equation of motion, i.e. (2.4),
where 6) and where A 0 is the scaling used. We have denoted the strain energy functions associated with the r th phase by W j . In order to find the effective incremental properties of the composite medium, we can 1 We can derive this as follows: A unit length of (homogeneous) material governed by strain energy function W (λ) is stretched to a length λ 0 and then incrementally to λ 0 + δ. Associated with this incremental deformation is an incremental stress σ = δW (λ 0 ) (where = d/dλ) and incremental strain δ/λ 0 . Thus, the incremental modulus is A = σ/e = λ 0 W (λ 0 ).
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appeal to the theory presented in Section 2. Since (4.5) has the same form as (2.4), it is homogenized in exactly the same manner, leading to a homogenized equation as in (2.21) with effective density (2.22), i.e.
and effective incremental elastic moduli (2.20), i.e.
where α 1 and α 2 in this case are given by (4.6). Before we can quantitatively determine these effective incremental properties, we need to state the constitutive behaviour of the nonlinear elastic phases. This is achieved by discussing appropriate strain energy functions.
Specific strain energy functions
A general form of strain energy function in terms of principal 'stretches' for a '3D' material which is consistent with linear elasticity is
where F is a function such that F(1) = 1 and µ and Λ are the Lamé moduli of the material for small deformations. Also, J = λ 1 λ 2 λ 3 , where λ j are the principal stretches, and
and we note that m ∈ R (i.e. it does not have to be an integer). Furthermore, the coefficients C m are restricted by the condition that (4.12) which is necessary for consistency with linear elasticity. 2 This form can be used to obtain general expressions for compressible materials (such as those given in Horgan, 2001 ). These include Varga materials (Haughton, 1987; Horgan, 1992) and Hadamard materials. It may also be used for incompressible materials by taking appropriate limits. Restricting ourselves to the 1D case, let us write down the appropriate analogue of (4.9), having the form (4.13) where (4.15) and where (4.12) is still required so that in the linear elastic limit when λ = e + 1, where e 1 is the linear elastic strain, we obtain we obtain
and therefore this strain energy function corresponds to 'linear' constitutive behaviour. Let us also consider the following strain energy functions:
all of which give rise to nonlinear constitutive behaviour. This is illustrated in Fig. 3 , where we plot the induced prestress Σ (scaled on A 0 ) as a function of principal stretch in a 'homogeneous' material. Note that in rubbers, we have the property that the usual Lamé moduli behave according to Λ µ and usually by three or four orders of magnitude. Thus, the initial Young's modulus of the material is related to the shear modulus by (4.22) and µ = O(10 5 )-O(10 6 ) Pascals.
Homogenized density
We have shown in (4.7) that the effective density of the composite is given by (4.23) where d j = ρ j /ρ 0 and ρ 0 is the chosen scaling. Since it is the initial material parameters in the undeformed configuration which are known in practice, we are interested in determining the functional dependence of the effective density on these properties. As such, let us choose ρ 0 = ρ 0 2 , the density of phase 2 in its undeformed state, and therefore (4.23) is
Given densities ρ 0 1 and ρ 0 2 in the undeformed configuration, the densities in the 'deformed' configuration are clearly given by
Volume fractions in the deformed configuration are related to those in the rest state by (3.6) and thus the effective density as a function of initial parameters and the principal stretches is given by
where d 0 = ρ 0 1 /ρ 0 2 was defined in (2.24). This expression is clearly correct since (λ 1 φ 0 + λ 2 (1 − φ 0 )) is the stretch of the material due to the initial deformation and ((1 − φ 0 ) + φ 0 d 0 ) is the effective density in the initial configuration.
In Figs 4 and 5, we plot the effective density for fixed U and φ 0 , respectively, with parameters d 0 = 10 and α 0 = 10 (α 0 was defined in (2.24)) and for two alternative strain energy functions (W a and W b given above). In Fig. 4 , we see the linear dependence on φ 0 when there is no deformation (U = 0). Compression and extension increase or reduce the effective density relative to the material's rest configuration as we would expect. Note from Fig. 5 that very high compression leads to a rapid increase in effective density.
Homogenized incremental elastic moduli
We shall plot the effective incremental Young's modulus A * as a function of φ 0 and U for a variety of strain energy functions and for specific parameters d 0 and α 0 .
In Figs 6 and 7, we exhibit the dependence of A * on φ 0 and U respectively, when both phases of the material behave according to the strain energy function W a . Note that A * is a nonmonotonic function of U , and small compressions can lead to fairly substantial increases in A * , whereas extensions do not significantly affect the effective modulus. FIG. 4 . Figure showing the effective density of the composite bar as a function of initial volume fraction φ 0 of phase 1 material, given specific displacement parameters U . We take the parameter set d 0 = 10 and α 0 = 10. In the figure on the left, each phase behaves according to the strain energy function W a , whereas on the right, they behave according to W b with C 1 = 0.2 and C 2 = 0.8. Note the (expected) linear behaviour when U = 0, i.e. no initial deformation. As should be anticipated, extension of the bar reduces its density, whereas compression leads to a denser material. Dependence on the volume fraction is, however, no longer linear. In Fig. 8 , we can see how a change in the strain energy function significantly alters the elastic response of the composite bar compared with that in Fig. 6 , for example, specifically for compressions, A * increases significantly for small changes in the inclusion volume fraction. As we move into the extension region, however, A * increases gradually as a function of φ 0 . We observe this behaviour more clearly in Fig. 9 where we plot curves for fixed φ 0 . The nonmonotonic behaviour for compression is noted. This is attributed completely to the change in the type of strain energy function.
The combined effect of phase 1 behaving according to W a and phase 2 behaving according to W b is seen in Figs 10 and 11. We note in particular the interesting behaviour of A * as a function of U for fixed φ 0 . For small (finite) compressions, the effective Young's modulus can vary rapidly meaning that extremely varied material behaviour can be achieved by prestressing the material.
Effective incremental wave speeds
Since the effective incremental wave speed is given by are described by different strain energy functions (Fig. 14) . The figures on the right-hand side show complex dependence of the effective wave speed on U and φ 0 . Note in particular the transition from φ 0 = 0 to φ 0 = 1 in the figure on the right of Fig. 14. We note that it is 'compressive' deformations which have significant effects on the incremental wave speed. It is easy to recognize how such material behaviour could be exploited in practice by imposing some initial deformation before sending elastic waves through the material.
Stop bands and pass bands
Thus far, we have considered only low-frequency behaviour where we are able to use the theory of homogenization. For higher frequencies, waves do not always propagate with an effective wave number. Stop bands exist which are frequency regimes where no wave propagation occurs. We shall analyse how the initial deformation affects the location of these stop bands. In the nth periodic cell, we may look for solutions z n and w n in the inclusion and host regions, respectively, with (2.4) being written as where
Continuity conditions on the interfaces at n and n + φ are
where α = α 1 /α 2 . Let us pose a travelling wave solution ansatz in the nth cell of the form (Parnell, 2004) z n = e i n * (C e i β 1 (x−n) + D e −i β 1 (x−n) ), (5.6)
where the multiplicative factor e i n * is a modulating term so that * acts as an effective wave number. The remaining term accounts for the periodicity of the bar. The boundary conditions then provide a homogeneous system for the coefficients A, B, C and D, and for a nontrivial solution, we find that we require
It can be checked that for low-frequency waves when , * 1, we obtain
as expected and thus k 2 * = 2 * / 2 = d * /A * corresponds to the homogenized wave number. In Figs 15-17 , we plot the real and imaginary parts of * as a function of the nondimensional frequency in order to assess how the initial deformation affects the location of stop bands and pass bands. Note that here we have made the assumption that µ is not frequency dependent. In reality this is not the case, but the present work provides a first approximation to this more general case. Nonzero values of ( * ) correspond to stop band regions where no wave propagation occurs. Note that the first pass band from = 0 to the occurrence of the first stop band is the homogenization regime. In each figure, we consider an illustrative case with the parameter set φ 0 = 0.4, d 0 = 10, α 0 = 20, for the case of no deformation (U = 0), an extension (U = 0.2) and a compression (U = −0.2). In Fig. 15 , we assume that both phases behave according to the same 'form' of strain energy function W a but with different material parameters so that we retain inhomogeneity. Similarly in Fig. 16 , the phases behave according to W b . In Fig. 17 , we assess what happens when the materials behave according to different strain energy functions W a and W b . We see in each case how these affect the location of the stop bands. In particular, we note that both extension and compression reduce the width of the first stop band but it is noted that compression leads to many more occurrences of stop bands over the frequency range considered.
The choice of strain energy function also considerably affects the subsequent locations of stop bands, as can be seen by comparing each of the figures and noting that when one of the phases behaves according to W b (Figs 16 and 17) , the second narrow stop band is almost completely eradicated.
Conclusions
We have discussed how the effective incremental properties of prestressed composites may be determined by employing asymptotic homogenization theory in the deformed configuration. Specifically, we determined the effective density and effective Young's modulus (and thus the effective wave speed) in the separation of scales regime, where the wavelength of propagating waves is much larger than the characteristic length scale of the microstructure. Furthermore, we discussed how the stop bands and pass bands of the periodic material are affected by this initial finite deformation.
We considered a one dimensional problem for ease of exposition and this meant that the effective properties could be determined semi-analytically (given the phase constitutive behaviour). Experiments are currently being performed by collaborators and will be reported on shortly. Although this was a fairly simple problem, it tells us a great deal about the behaviour of prestressed composites in general, and particularly how effective properties depend very strongly on the choice of strain energy function of the constituent phases, especially in the compression regime. The case of laminated composites is currently under study.
We note that we have made no mention of instabilities or buckling under prestress. As a first approximation in the present paper, we have assumed that the material is always stable under the imposed prestress. Further analysis in this area is under way (perhaps, more importantly in higher-dimensional composites where buckling in particular can be of great interest) and our experiments will provide us with further information in this area.
Incremental moduli can themselves help to build a picture of the effective strain energy function of the material and thus could contribute to the theory of nonlinear elastic homogenization. Filled rubbers are of course renowned for their inelastic behaviour (e.g. the Mullins effect (Dorfmann & Ogden, 2004; Ogden & Roxburgh, 1999) ) due to microstructural effects. Such inelastic behaviour has thus far been incorporated via pseudo-elastic strain energy functions using damage parameters. It is felt that it would be of interest to attempt to link this damage parameter with specific microstructural details in the composite medium such as interface effects between phases in order to understand its physical significance.
